Abstract. The paper addresses the problems of the sensitivity analysis and optimal design of multi-span sandwich panels with a soft core and flat thin steel facings. The response functional is formulated in a general form allowing wide practical applications. Sensitivity gradients of this functional with respect to dimensional, material and support parameters are derived using adjoint variable method. These operators account for the jump of the slope of a Timoshenko beam or a Reissner plate at the position of concentrated active load or reaction, thus extending the sensitivity operators known in literature. The jump of slope is the effect of shear deformation of the core. Special attention is focussed on sensitivity and optimisation allowing for variable support position and stiffness, because local phenomena observed in supporting area of sandwich plates often initiate failure mechanisms. Introducing optimally located elastic supports allows to reduce the unfavourable influence of temperature on the state of stress. Several examples illustrate the application of derived sensitivity operators and demonstrate their exactness.
Introduction
The common aim of designers and technologists is to find solutions which combine high quality, safety and low price. It can be achieved in sandwich structures because the properties of the component materials can be used reasonably. Therefore the optimal design of sandwich structures is a topic frequently taken up in literature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
In the construction industry three-layered panels (sandwich panels) with a soft core and steel flat or profiled facings are most often used because they provide high load-bearing capacity coupled with small weight and good thermal insulation. In design of these panels the effects of shear flexibility of the core, wrinkling failure of the facings and essential influence of the temperature on the state of the stresses should be taken into account.
Dimensional parametric optimisation of three layered sandwich panels in the form of minimum weight design was discussed in [13] , whereas in [11] the Pareto optimal solutions combining maximum range of applications with minimum cost were found for sandwich panels with soft core. In [7] the optimisation problems with stress concentrations at the interfaces were considered with the aim to maximize the bending moment and minimize the energy due to interlayer stresses. The proposed functionally graded sandwich panels allows energy to transfer from bending to shear and vice versa. In the papers [2, 3] core junctions were proposed to improve shear panel capacity. Simultaneously the geometric shape of the boundary of the adjacent core materials has been improved to significantly diminish local stress concentrations at the core. Some recent works have tackled the problem of different failure modes and their influence on the state of stresses. The comparison of the behaviour of sandwich panels with various combinations of materials for achieving minimum mass has been presented in [10] . In the study [12] failure maps have been created which illustrate the dependence of failure mechanisms on the structural parameters as also load and support conditions.
A sensitivity analysis has been considered by many authors. In the early paper of Courant [4] the basic variational formulation of sensitivity problems and possible applications were discussed. Later in [8] the adjoint variable method was developed. The influence of the initial distortions on the optimal design of support conditions in beams and frames was studied in [5] . In [6, 9] the sensitivity analysis in the case of dynamically loaded structures allowing for variable joint parameters has been presented.
The paper develops the theory of optimal design of sandwich panels by consideration of variable support conditions. In the derivation of the sensitivity operators the shear deformation of the core has been taken into account, thus extending the operators known in the literature. The response functional is defined in general form allowing optimisation of stress, strains or displacements. The sensitivity operators are expressed explicitly using continuous formulation and the adjoint variable method. The sensitivity gradients are often employed in hybrid optimisation algorithms, where genetic or particle swarm methods are combined with a gradient method. Lately, the importance of the robust design accounting for manufacturing and service tolerances has been stated in the literature [1] and here the sensitivity information can also be useful.
Sandwich panel theory: assumptions and simplifications
There are several methods of the analysis of sandwich structures. In macroscopic scale sandwich structures can be examined using Equivalent Single Layer (ESL) theories (1D or 2D) which assume that mechanical properties of the surrogate layer are the resultant of the parameters of the particular layers. Many examples in literature prove, in spite of assumed simplifications, that ESL models are very useful in determining the mechanical response of sandwich structures in macro scale [14] . Moreover, because the number of degrees of freedom is independent from the number of layers the time of the numerical calculations is rather small. Among the ESL theories are: the Classical Laminated Plate Theory (CLPT) based on the Kirchoff-Love plate theory, the First Order Shear Deformation Theory (FSDT) and the High Order Shear Deformation Theory (HSDT). Three-dimensional elasticity theories can provide more precise results especially in the analysis of local effects. They are more sophisticated, engage large number of degrees of freedom and require refined definition of boundary conditions. Therefore, in the engineering practice these theories are not often used. We analyse sandwich panels using the Timoshenko beam theory generalized to sandwich sections (FSDT). This theory assumed that the materials are isotropic, homogenous and linear. Because the Young modulus of the core is about 70 thousand less than Young modulus of the facings, the normal stresses in the core are negligible, hence shear stresses in the core are constant. It should be underscored that the response of sandwich panels with shear deformable core is quantitatively and qualitatively different from the response of a typical panel. It is illustrated by the example of the beam loaded by a concentrated force at the end of the cantilever, Fig. 1 . The continuous line represents displacements of the Bernoulli beam where the shear rigidity is infinitely great. The dashed line represents displacements of the sandwich beam for which the shear rigidity is assumed to be finite. The bending and shear effects influence the total displacements of sandwich beam.
Problem formulation
Rational optimisation of structural elements made of drastically different materials (i.e. steel facings and polyurethane soft core) is rather difficult because the response can be counterintuitive as shown in Fig. 1 . Therefore, mathematical theory of optimisation can be particularly useful for practical engineers. Sensitivity analysis also provides useful information for this optimal design. In the present paper the problems of sensitivity analysis are formulated in a general form to make possible wide application of derived sensitivity operators. The analysed structures are loaded mechanically and/or thermally. The latter one induces initial distortions. In the paper a general form of initial distortions is allowed for.
Let us introduce the structural response functional in the form (1), where F is an arbitrary Gateaux differentiable function of displacements w, stresses Q and strains q.
The functional G(ξ) can play the role of the objective function or a constraint. Using Dirac function δ(x − x 0 ) in F , the global functional can represent a point-wise response at x = x 0 . The design vector ξ (2) consists of the position of the support x s , stiffness of the support k s , thickness of the upper t F 1 and the lower t F 2 facing, total thickness of the panel D, shear modulus of the core G C and the Young modulus of the upper E F 1 and the lower E F 2 facing
The variation of the functional G(ξ) takes the form
where the variations δw, δQ and δq are implicit functions of the design vector ξ.
It is worth adding that in general, according to [5] , we assume both the initial strain field q i which is kinematically inadmissible and initial stress field Q i which is statically inadmissible. In effect elastic strain q e and stress Q e (4) are induced (Fig. 2) . They are interrelated by Hooks law (5):
where K is the stiffness matrix. The total strain q and stress Q are kinematically and statically admissible. Relations (4), (5) apply to general class of linear elastic structures. In the case of Bernoulli beam we have scalar valued quantities
Sensitivity analysis of sandwich beams and plates accounting for variable support conditions
In the case of Timoshenko beam theory there is
where M y and V z denote bending moment and shear force, w is the vertical displacement, φ is rotation angle of the cross section and B s , S represent the bending and shear rigidity of the cross section, respectively. Primes denote differentiation with respect to x. Note that setting φ = −w ′ in (7) we obtain (6) , where influence of V z is neglected. In the case of a three layered sandwich beam the bending and shear stiffness coefficients B s and S are expressed as follows:
where B is the width of the beam.
In the case of Kirchhoff plate we have
where D is the plate bending stiffness. In the case of a homogenous plate D = Eh 3 /12(1 − ν 2 ). In the case of Reissner plate the relations (10) take the form
Again, we note that by setting φ x = −∂w/∂x, φ y = −∂w/∂y in (11) we arrive at (10) with shear effects neglected.
There is a large class of engineering applications e.g. in civil engineering, where the slabs are loaded uniformly, have the ratio length of span to width L/B > 2 and have line supports in the direction B. In this case Timoshenko beam theory can be successfully used for plates. For the brevity of the presentation we focus attention on this class of problems. However, the sensitivity operators derived in Sec. 4 based on Timoshenko theory can be easily generalized for Reissner plate theory, which is discussed in Sec. 5 and illustrated in the example 5.
Sensitivity operators
Consider a sandwich beam illustrated in Fig. 3 , where three states are depicted: the actual structure (primary), the actual structure after variation of control parameters ξ (primary with superscript *) and the adjoint structure (denoted by superscript a ). The adjoint structure is introduced in order to transform (3) to the explicit form. We write the virtual work equation using the statically admissible stress fields from the adjoint structure and kinematically admissible variations of kinematic fields in the primary structure
Conversely, using adjoint kinematic fields and variations of primary stress fields we obtain
The quantities denoted by star refer to the structure after variation of the design parameters. Particularly, the subscript s * denotes that a quantity is measured after the variation of the support position x * s = x s + δx s . By developing the variations of displacements in Taylor series and retaining only linear terms we obtain the following relations
Because of the slope discontinuity, the left and right derivatives of the displacement are not equal at the point of the concentrated load. This makes necessary to use left-(·) − and right-handed (·) + derivatives. Subtracting (12) from (13) and introducing (4), (5), (14), we finally obtain the following relation we consider also the elastic supports, which can be introduced in the following forms:
where k s and f s are respectively stiffness and flexibility of the support. Now, we can rewrite the (15) by introducing the (16) in the following way
Because operations on the k s and δk s are numerically inefficient, the use of flexibility of the support f s is more convenient. Hence, the later component of the (17) can be written as
In our considerations we also assume that the load and initial strains and stresses do not change with the variation of the control parameters. Hence p = p * , q i = q * i and Q i = Q * i . It results in δq i = 0, δQ i = 0. Summing up, we obtain fundamental Eq. (19), which expresses the Eq. (3) explicitly towards to δx s , δf s and δK:
In the derivation of (19) the step right of the support position was assumed, i.e. δx 
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Proof. Equality (20) can be written as 
From (7) it follows that
At a hinge support x = x s the bending moment M y is C 0 continuous, hence φ is C
1
. Therefore, the jumps of functions can be written as
Introducing (23) 
The sensitivity gradient and optimality condition derived in [5] for Bernoulli beam were: 
In case when the functional G 1 represents the global stiffness of the structure described by its total potential energy, its variation and optimality condition (26) reduce to
In the Example 4 we demonstrate that for Timoshenko beam the formulae (27) change to (42)
The derivative ·w s,x is replaced by the arithmetic mean of left-and right-hand derivatives. Now let us focus attention on the last term in (19). According to (7) and (8) we can write
In case of support translation, discontinuities of kinematic and static fields at x = x S are observed. Therefore in special cases the integrals in x domain must be divided into three integration ranges
where the integral
· · · dx can be evaluated using 1 st mean value theorem for functions. This is discussed in [5] and [9] for Bernoulli beam.
The variations of the δB s and δS in (28) in case of sandwich beams take the form:
According to (3) and (19), the adjoint actions are defined as follows:
where p a is the adjoint loading, q ai and Q ai are initial strain and stress in the adjoint structure.
In optimal design and sensitivity analysis there can be different classes of problems depending on the form of the response functional G. They will be illustrated by the way of examples presented in Chapter 6.
All formulae derived hitherto can be directly used to rectangular slabs provided that the length-to-width ratio, loading and support conditions make possible to apply the Timoshenko layered beam theory, as described in Chapter 3. This limitation follows from the assumption that kinematic and static fields are constant in the width direction B of the slab. If these conditions are not satisfied and bending and torsional moments in width direction exist, then 2-D theory must be employed. This issue is discussed in Chapter 5 and in the example 5.
Generalization
The derived sensitivity operators can be generalized for a broader class of slabs, where the loading and hence the stress and strain fields are not constant in the width direction. The 2-D Reissner plate model must be used, where constitutive Eqs. (11) are introduced instead of (7). Distributed load p is defined per unit surface area (kN/m 2 ) and reaction force is expressed in kN/m. Let the support with a position x s , which is subject to variation δx s , be a line support perpendicular to L (Fig. 4) . The sensitivity operators derived in Chapter 4 remain valid provided that the integrals in the length domain 
Examples
Practical application and the correctness of the sensitivity operators derived above will be demonstrated by the following examples. Therefore several special cases are considered and the sensitivity operators evaluated by means of the presented theory are compared with simple finite difference calculation (central or forward). We focus attention on effects typical for sandwich panels and important in structural design, namely deflection of the panel, value of reaction force and bending moment at the middle support. The latter two quantities play important role in design, since they can result in local failure mechanisms at the support. Following the main idea of the paper, the attention will be focussed on variation of parameters specifying the support, namely its position and stiffness, although the derived sensitivity gradients account for variation of all design variables defined in (2) . Example 4 demonstrates usefulness of sensitivity operators when in optimisation algorithm the genetic and gradient methods are combined. The analyses in examples 1 to 4 are carried out using the authors' program FEM a fine mesh which ensured exactness within the limits of Timoshenko beam theory. Example 5 demonstrates the correctness of the sensitivity operator when applied to Reissner plate. Here the Abaqus system with the FEM mesh 5 × 5 cm was used. Fig. 5 . It is subjected to uniformly distributed load p(x) = 1.0 kN/m. Total length of the beam is L = 2.0 m. We will study the sensitivity of displacement at the point a is x a = 1.0 m with respect to variation of the support position. We will study the sensitivity of the deflection in the whole range of support positions x s . The thickness of the facings is t F 1 = t F 2 = 0.00045 m, the thickness of the core is d = 0.12 m, and the shear modulus is G C = 2500 kPa. The adjoint action, according to Eq. (31), is P a = 1. The design vector is limited to x S . We are checking both forms of the operator (24), namely δG (x s ) = R This example proved that in the whole range of support positions x s both forms of (24) provided the same values of the sensitivity operator and these values were compared with simple finite difference computation. The differences were less than 3%. The displacement w a and the sensitivity gradient δw a /δx s are shown in Fig. 6 . The singular point at x s = 1.0 m represents a trivial solution when the deflection is measured at the support. Example 2. Consider again the sandwich beam analysed in the example 1, with the same dimensions and loading. Now we will study the sensitivity of the reaction force with respect to variation of support position i.e. (δR s /δx s ). Determination of δR s requires introducing the settlement of the support ∆ a s in the adjoint structure. Hence, the primal structure is in the state of stress and strain induced by the load p, whereas stresses and strains in the adjoint structure are induced by kinematic distortion in the form of displacement ∆ a s of the rigid support located at x = x s . Variation of the functional G is expressed by two equivalent formulae
Example 1. Consider a sandwich beam shown in
In Fig. 7 the value of the support reaction R s and the sensitivity gradient (δR s /δx s ) are depicted for the whole range of support positions 0 ≤ x s ≤ L. Again, both formulae ( 35 1 ) and (35 2 ) gave the same results. These results were compared with simple finite difference computation. The differences were less than 2%. The values of R s in Fig. 7b are negative, because we assumed positive direction of R s downwards in agreement with displacement w. R. Studziński, Z. Pozorski, and A. Garstecki . The shear modulus is G C = 3000 kPa. We will analyse three load cases: (a) mechanical load, (b) thermal load and (c) interaction of mechanical and thermal load. The analyses will be carried out for length of span L equal to 3 m, 4 m and 5 m. Fig. 8 . Sensitivity of the bending moment Ms at the middle support with respect to variation of support flexibility fs and bending stiffness BS : primary structure, structure after variation of the design parameters (primary *) and adjoint structure
We are concerned in the value of the bending under the middle support. This is an important issue since this moment produces concentration compressive stress in the upper layer which can result in wrinkling and failure. We will study the variation of moment M s with respect to variation of support flexibility δf s and to variation of the bending stiffness δB s of the beam. The latter one can result from variations of the thickness of cover plates δt F 1 and δt F 2 . The design vector is ξ = [f S , B S ] and (19) takes the form
or setting Q(x) = M S δ(x − x S ) and q = w ′′ we obtain
(37) Figure 8 shows the primary structure with rigid support, and the structure after variation of design parameters δf and δB S , where static and kinematic fields are denoted by star. Both structures are subjected to mechanical load p and/or temperature load. Next we assume that the adjoint structure is subjected only to initial kinematic distortion in the form of an angle of rotation ϕ ai = 1 of cross section over the middle support (Fig. 8) .
We solve using FEM the primary and adjoint problems. In cases (b) and (c) the gradients ∂M S /∂B S were not computed. Optimisation of sandwich panels with respect to B S was discussed by the authors in [11] . All presented above gradients were compared with the ones obtained from finite difference method. The differences were less than 1.5%. Figure 9 presents the increments of the moment at the support (δM s ) for a specified small variation of the support flexibility for three lengths of span and for various flexibility coefficients f . It is interesting that all functions are nearly constant in a large range of small flexibility f . For great flexibility all curves tend to zero. Crossing of functions for different L is observed. Note, that in both load cases p(x) = 1.0 kN/m (Fig. 9a) and ∆T = −30
• C (Fig. 9b) introduction of flexible support is advantageous. In the first load case p, negative moment at the support is induced therefore positive increment δM S > 0 improves the response. In the latter load case ∆T there is positive moment M S , hence negative increment δM S < 0 is advantageous, too.
Example 4.
Let us check the usefulness of the derived sensitivity operators by the way of the example of support position optimisation. Consider the sandwich beam shown in Fig. 5 with all parameters and loading p described in the Example 1. Our task is to find the optimal position x s of the support which provides maximum stiffness measured by the total potential energy Π. For a linear elastic material the equivalent formulations are
We formulate the following problem: find the optimal support position x s which provides minimum of G
Comparing (39) with (1) and in view of (3), (30), the adjoint problem is identical as the primal one. Hence R 
Note that in case of minimization of internal energy
the sensitivity gradient (40) and optimality condition take the forms
The total number of the fitness function calls n is limited to 80. For this range of n the best fitness function value equals 1.233884 kNm and occurs for n = 71 (point 1 in Fig. 10 ). It corresponds to the support position x s = 1.366 m. This will be the starting point for next using the operator (40) with the step δx s = 0.001 m. Table 1 presents the computational steps required to obtain the optimal global solution with the precision 0.001 m. This precision is assumed to demonstrate the correctness and effectiveness of the algorithm, though in engineering practice so high precision is not needed. For the obtained support position x s = 1.364 m the fitness function equals 1.233864 kNm. Table 1 demonstrates that optimal global solution can be obtained faster using the derived sensitivity operators and combining them with evolutionary algorithm. The sensitivity operators in this hybrid method found the optimal solutions in 4 steps after switching from EA. For comparison solitary EA had to perform almost 1500 computations more, see point 2 in Fig. 10 . The structural analysis was performed by use of the Abaqus software. Shell composite elements with a fine mesh 5 × 5 cm were employed. The main goal of this example was verification of the derived operators (33) in the case of their application to Reissner plates. The sensitivity gradient obtained using the operators (33) equals (δw a /δx s ) = 0.001236, whereas finite difference method with the step right ∆x s = 0.05m provided 0.001226. The difference did not exceed 2%.
Concluding remarks
In the paper sensitivity operators accounting for variation of geometrical and material parameters of the layers and variation of the support conditions of the thermally and mechanically loaded sandwich panel have been derived. The response functional is formulated in a general form allowing wide practical applications of derived sensitivity gradients. A special attention has been focussed on variation of support conditions since local phenomena at the supports often initiate the failure mechanisms in sandwich plates. The derived sensitivity operators are valid for Timoshenko beam and Reissner plate. They account for the discontinuity of the slope of the displacements at the support of shear deformable beam or plate. Therefore they further develop that is known in the literature, which are valid for the Bernoulli beam. By the way of examples the application of derived sensitivity operators has been illustrated. The sensitivity gradients were computed with two methods, namely using a derived formulae and a simple finite difference method. An excellent agreement has been obtained. The derived sensitivity formulae are more general and numerically more efficient. Computation of structural sensitivity with respect to many variables requires only two solutions (primary and adjoint), whereas in the finite difference approach each variable must be perturbed. The derived sensitivity operators well illustrate physical and engineering meaning of optimality conditions.
